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Abstract-A coupled integral equation formulation is developed to obtain an analytic expression for the 

location of the moving interface in planar melting or solidification of a semi-infinite medium at the melting 

point, subjected to a time-varying surface temperature. The low-order solution of the present analysis is 

compared with the exact results for the case of constant surface temperature, and with the finite-difference 

prediction8 for the case of time-varying surface temperature. The results are sufficiently accurate over the range 
of Stefan number up to about 5, which covers almost all materials of practical interest. 

INTRODUCTION 

THE SOLUTION of moving boundary problems involving 
melting or solidification is inherently difficult because 
the location of the moving interface is not known a 
priori and must follow as a part of the solution. Because 
of nonlinearity of the governing equations, exact 
analytic solutions can be developed only for a limited 
number of specific cases which are well documented in 
the literature [ 1,2]. Therefore, considerable amount of 
effort has been directed towards the development of 
approximate analytic as well as numerical solution 
techniques. The available approximate analytic 
solution techniques include, among others, the integral 
method [3,4], the variational formulation [S, 63, the 
moving heat source approach [7-lo], the perturbation 
technique [11-131, the embedding technique [l&16] 
and the variable eigenvalue approach [17]. A variety of 
purely numerical methods of solution have also been 
reported [18-221. 

Most of these approximate analytic techniques have 
difficulty in accommodating time-dependent applied 
surface conditions, rely on the choice of a suitable 
approximate profile for the temperature distribution, 
and their applicability is restricted to short times. 

In the analysis of phase-change problems, a quantity 
of practical interest is the location of the moving 
interface as a function of time. In this work, we present a 
coupled integral equation formulation of the phase- 
change problem in order to develop an analytic 
expression for the location of the moving interface 
resulting from an applied surface temperature which 
varies with time. 

TRANSFORMATION TO INTEGRAL EQUATIONS 

Consider a semi-infinite medium initially at its 
melting point subjected to melting or solidification 

resulting from an applied surface temperature which 
varies with time. The mathematical formulation of this 
phase-change problem is given in the dimensionless 
form as 

au(x, t) a%(x, t) 
at 

=-IQ-, in 0 c x < s(t), t > 0 (la) 

u(x,t) = F(t) at x = 0, t > 0 (lb) 

u(x,t) = 1 at x = s(t), t > 0 (lc) 

which is coupled to the following interface energy- 
balance equation 

au(x, t) 1 ds(t) 

8X 
= 7i; dt at x = s(t), t > 0 (W 

s(t) = 0 for t = 0. (W 

To transform equation (la) into integral form, we 
introduce a new variable u(x, t), defined as 

hence we can write 

du(x, t) a%(x, t) au(x, t) 

ax 
c-c-* 

ax2 at 
W-9 

Then, the energy equation (la) is expressed in the form 

aa d - = u(x, t) 
ax 

wx, t) - = li(x, t). 
ax 

We integrate equations (4a) and (4b) from x = 0 to 
s(t) and obtain, respectively 

s 

s(r) 
u(s, t) - u(0, t) = u(x, t) dx Pa) 

0 
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b 

;;*I 
fo 
L 
s*(t*) 

s(t) 

t* 
t 
T(x*, t*) 

L 

NOMENCLATURE 

reference length u(x, t) dimensionless temperature, 
specific heat 7(x*, t*) -fo 
applied surface temperature 
value of applied surface temperature 

7, -fo 

at time t* = O,f(O) X* physical coordinate 

latent heat of solidification X dimensionless coordinate, x*/b. 

location of moving interface 
dimensionless location of moving 
interface, s*(t*)/b Greek symbols 

time thermal diffusivity 

dimensionless time, at*/b2 “h Stefan number, 

temperature C,(L -fo) 
melt temperature L 

s s(t) 

u(s, t) - o(0, t) = ti(x, t) dx 
0 

=$[ Jyu(x,t)dx]-u(s,t)S(t). (5b) 

Equations (lb, c) and (2a, b) are rewritten as 

u(0, t) = F(t) 

u(s, t) = 1 

(64 

(6b) 

au(s, t) 1 
~ = x i(t) 
ax 

s(0) = 0. G’W 
where the dot over u or s refers to derivative with respect 
to the time variable. 

Equations (4), (6) and (7) are utilized to recast 
equations (5a, b) in the form 

v(x, t) dx (8a) 

T - $0, t) = $ [ J;u(x,t)dx]-S(t). (8b) 

These two integral expressions, together with the 
interface energy balance equation (7), provide three 
relations for the determination of the three unknowns 
u(x, t), u(x, t) and s(t). However, our interest is in the 
determination of s(t) only. 

Z( *I * 1 i (]]) 
1 + 4 - 7 F(t) s(t)i(t) - 3) s2(t) = 1 -F(t). 

Now, a new variable u(t) is defined as 

So far our analysis is exact. In addition, equations (8) 
are in such a convenient form that the integrals can 
readily be approximated directly by suitable represen- 
tations involving u(x, t), u(x, t) and their derivatives 

u(t) = [s(t)12. (14 
Then equation (11) takes the form 

A[( 1 + 4 - 4 F-(t) a(t)-$P(t)a(t) = 1 -F(t) ^) A 1’ 

0 < x < s(t) given by 

P S 

J ~(4 dx s z b(O) + ~(41. (9) 
0 

Although this expression implies a linear variation of 
u(x, t) when applied to equation (8a), the variation of 
u(x, t) with x is quadratic because of the definition of 
u(x, t) given by equation (4a). However, the use of 
trapezoidal rule in equation (8b) implies a linear 
variation for u(x, t) in that equation. 

The representation (9) is now applied to equation (8) 
to remove the integrals, and the relations (4), (6) and (7) 
are utilized to eliminate the resulting terms u(s, t) and 
u(s, t). Then equations (8) take the form 

1 -F(t) = ; s(t)S(t)+fs(t)u(O, t) (loa) 

S(t) - - ~(0, t) = +[l +F(t)]i(t)+F(t)F - i(t). 
A 

(lob) 

The function ~(0, t) is eliminated between equations 
(lOa, b). 

_ 
evaluated at the two end points of the region (13a) 
0 < x < s(t). The end point values can then be related to 
s(t) by making use of the boundary conditions and the 

and the initial condition (7b) becomes 

differential equations. o(0) = 0. (13b) 

A LOW-ORDER ANALYSIS Thus the phase-change problem is now reduced to the 
solution of an ordinarv differential eauation for the I 

To approximate the integrals given by equations (8), function o(t). Here F(t) is a known boundary condition 
we choose the trapezoidal rule over the region function. Once o(t) is known, the location of the solid- 
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liquid interface is determined according to equation 

(12). 
The differential equation (13) is solved and the 

following expression is obtained for the location of the 
moving interface : 

(14) 

Table l.Theaccuracyofapproximatesolution [equation(lS)] 
for the case of constant surface temperature 

Stephan t 
number, A (exact) 

0.02 0.099668 
0.1 0.22001 
0.2 0.30642 
1 0.62006 
2 0.80060 
5 1.05968 

10 1.25697 

‘A Error 
C(kpp - Ml x 100 

0.001 
0.386 
0.715 
2.00 
1.99 
0.528 

-4.91 

In the case of constant applied surface temperature 
we have f(t*) =fo = constant. Then, from the 
definition of the dimensionless applied surface 
temperature we obtain F(t) = 0. Thus, for the case of 
constant applied surface temperature, the solution (14) 
reduces to 

(15a) 

where 

(15b) 

The accuracy of these solutions is discussed next. 

ACCURACY OF THE SOLUTIONS 

The phase-change problem considered above has an 
exact solution for the case of constant applied surface 
temperature. Therefore, the solution (15) can be 
compared directly with the exact results. 

In the case of time-dependent applied surface 
temperature, no exact analytic solution is available. 
Therefore, for such cases the problem is solved 
numerically by using a finite-difference scheme and the 
numerical results are used for checking the accuracy of 
approximate solutions. 

Constant surface temperature 
When the applied surface temperature is constant, 

the problem admits exact solution and the resulting 
expression for the location of the moving interface is 
given by [2, p. 4101 

s(t) = 2?/$ (16) 

where the exact value of 1 is determined from the 
solution of the following transcendental equation 

J 7rt] e+ erf (f7) = A. (17) 

In Table 1 we present the percentage error involved in 
the approximate solution given by equations (15). For 
the values of the Stefan number up to about 5, which 
covers almost all the materials of practical interest, the 
solution yields results within 2% or less of the exact 
value. This is sufficiently accurate for most practical 
applications. Furthermore, the solution provides a very 
simple expression for the location of the moving 
interface. 

Time-dependent surface temperature 
When the applied surface temperature varies with 

time, the functional form of F(t) effects the motion of the 
solid-liquid interface. Suppose F(t) varies linearly in 

the form 

F(t) ~ fy*)-fo 
F = a+bt. (18) 

&l-f0 

Then, introducing equation (18) into (14) we obtain the 
following explicit expression for the location s(t) of the 
moving interface : 

s(t) = (8A)“* (l-a)[4+A(l-a)]t 

-b[2+A(l-a)]t* + F t3 
w 
I> 

+ {4+A(l-a-bt)}. (19) 

To check the accuracy of this approximate analytic 
solution, we considered the following specific case 

F(t) = 0.2t (2Oa) 

which implies that the surface temperature is suddenly 
lowered below the melt temperature T, and then 
gradually raised as a linear function of time. The 
freezing continues as long as the surface temperature 
remains below the melt temperature T,. For this 
particular case, by setting a = 0 and b = 0.2, equation 
(19) reduces to 

s(t) = @A)“* 

(4+A)t-0.2(2+A)t2 + yAt3 
l/2 

X 
4+A(l-0.2t) 

1 . 
(2OW 

To examine the accuracy of equation (20b), we solved 
this phase-change problem numerically by using a 
finite-difference scheme involving a variable time step 
method as discussed in ref. [22]. The numerical 
calculations were performed with a step size Ax 
= 0.005, while a much finer step size Ax, = lo- ’ was 
used for starting. The calculations were stopped when 
the applied surface temperature equals to T,. 

Table 2 shows a comparison of s(t) determined from 
the approximate analytic solution given by equation 
(20b) and from the finite-difference calculations, for 
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Table 2. A comparison of s(t) determined from equation (20b) and the finite- 
difference solution for an applied surface temperature varying as F(t) = 0.2r 

_~ 

Stefan 
number, A time, 1 

0.6239 -02 
0.261801 
0.1068 
0.244 1 

0.2 0.4425 
0.7094 
0.1057+01 
0.1508+01 
0.2103+01 
0.2951 +Ol 

0.6206 - 02 
0.2561-01 
0.5816-01 
0.1040 

1.0 
0.1634 
0.2367 
0.3242 
0.4265 
0.5443 
0.6783 

0.1964-02 
0.8496 - 02 
0.1949-01 
0.3495-01 

5.0 
0.5490-01 
0.7935 -01 
0.1083 
0.1418 
0.1799 
0.2226 

s(t) from s(t) from 
finite-difference equation (20b) 

three different values of the Stefan number, A = 0.2, 1 
and 5. For the cases considered in this table, results 
from equation (20b) are within 3% of the numerical 
predictions, which is sufficiently accurate for most 
practical purposes. We repeated the calculations by 
using F(t) = -0.2t; the accuracy remained essentially 
the same. 

sufficiently general for extension to the solution ofmore 
involved phase-change problems. 
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UNE APPROCHE D’EQUATION INTEGRALE COUPLEE POUR TRAITER LA FUSION OU 
LA SOLIDIFICATION 

RCsumB-Une formulation d’tquation intkgrale couplie est d&velopp&e pour obtenir une expression 
analytique pour la localisation de I’interface mobile dans la fusion ou la solidification plane d’un milieu semi- 

infini au point de fusion, soumis B une tempkrature de surface variable. La solution, d’ordre faible, de cette 
analyse est cornparke avec les rtsultats exacts dans le cas d’une temp&rature de surface constante, et avec les 
pr&visions par diffkrences finies dans le cas de la temperaturede surface suffisamment p&is dans le domaine de 

nombre de Stephan jusqu’$ 5 environ, ce qui couvre la plupart des matiriaux d’int&Zt pratique. 

DIE LOSUNG VON SCHMELZ- UND VERFESTIGUNGSPROBLEMEN MIT HILFE 
GEKOPPELTER INTEGRALGLEICHUNGEN 

Zusammenfassung-Es wurde ein System gekoppelter Integralgleichungen entwickelt, urn einen analytischen 
Ausdruck fiir den Ort der bewegten Phasengrenze beim ebenen Schmelzen oder Verfestigen eines 
halbunendlichen Mediums von Schmelztemperatur zu erhalten, wenn an der Oberfliiche eine 
zeitverlnderliche Temperatur aufgeprHgt wird. Die Liisung niedriger Ordnung wird mit den genauen 
Ergebnissen fiir den Fall konstanter Obertliichentemperatur und mit den Berechnungen nach dem Finite- 
Differenzen-Verfahren fiir den Fall von zeitverinderlicher Oberfllchentemperatur verglichen. Die Ergebnisse 
sind fiir Stefan-Zahlen bis zu ungefihr 5 ausreichend genau, was fast alle Materialien von praktischem 

Interesse abdeckt. 

IIPMMEHEHWI MHTErPAJlbHOI-0 YPABHEHMR AJIR PEIUEHMR 3AflAS 
IIJIABnEHMIl MJIM 3ATBEPAEBAHMR 

AHHOTaUHn-BblBeAeHO caa3aHnoe uHTerpa.nbHoe ypaaHetrse c uenbm nonysesen aHanHTngecKor0 
BbIpaKeHRR AJIR HaXO)KAeHAII ABll~yWkR rpaHHUb1 npI4 “JIOCKOM IIJIaBJIeHllH WIH 3aTBepAeBaHHH 

nonyorpaHa9eHHoti cpeAbI npa a3MeHamureike no BpeMeHn Tebmeparype noBepxHocT8. llonyqewsoe 
peureHne cpasHHaaeTcn c TowbIhw pe3ynbTaTaMu nna cnygaa 110c~0~fiti0R TeMnepaTypbI noBepxHocTki 

A c pacgeTaMH no McTOAy KOHc’IHbIX pe3HocTe8 nna cnysan Ii3MeHaIoIUeiica no BpeMeHB TeMnepaTypbI 

noeepxaocTA. MMeeT MecTo nocTa-roqHo xopoluee coananeaHe pesynb-raTos B nHana30ae a3MeHeHnR 
gucna CTe$aHa BnnoTb no 5 now14 nna Bcex MaTepeanoe, aMeiomAx npaKTurecxBii BHTepec. 


